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We discuss and rederive in a general way the logarithmic growth of the mean squared width of the colour 
flux tube as a function of the interquark separation. Recent data on 3D 7Z2 gauge theory, combined with high 
precision data on the interface physics of the 3D Ising model fit nicely this behaviour over a range of more than 
two orders of magnitude. 
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1. THE FLUX TUBE AS A STRING 

One of the simplest and most general conse- 
quences of the existence of a thin flux tube con- 
necting a quark pair in the conflning phase is that 
it fluctuates. These quantum fluctuations pro- 
duce an effective squared width of the flux tube 
which grows logarithmically with the interquark 
distance. 

Such a logarithmic behaviour has been pre- 
dicted many years ago by Liischer, Miinster and 
Weisz [1] in the framework of the effective string 
picture of gauge systems. We shall rederive and 
reflne this universal law by directly using some 
exact results on two dimensional free fleld theory 
in a flnite box and compare it with MC simula- 
tions on the 3-D K2 gauge model. 

Let us begin by deflning the observable we want 
to discuss. The squared width of the flux tube 
generated by a planar Wilson loop W{C) is de- 
flned as the sum of the mean squared deviations 
of the transverse coordinates /i(^i,^2) of the un- 
derlying string, i. e. 



\Y. j/'^^^Miui^) 



h'- 



CM\ 



where V is the planar domain bounded by C , A 
its area A = Jj, (PS, and hf^ is the transverse 
coordinate of the center of mass of the flux tube. 



In terms of the Green functions Gi we get 
with 
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where e is a UV cut-off, a is the string tension 
and the Green function is deflned as 
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The vacuum expectation value is taken with re- 
spect to the 2D fleld theory describing the dy- 
namics of the flux tube (for a review on the effec- 
tive string description, see Ref. [2]). It is widely 
believed that for (3 larger than the roughening 
point the flux tube belongs to the rough phase of 
the Kosterlitz - Thouless universality class. As a 
consequence it is expected that this fleld theory 
flows, for large enough domain V , to the gaus- 
sian limit, where the Green function fulfllls the 
free fleld equation -AG(^,^') = S'^'^\i - i') . 

The problem of flnding the Green function for 
an arbitrary, simply connected region V can be 
solved in a closed form once it is found a confor- 
mal mapping z = ^i -\- i^2 -^ I oi V onto the 
unit circle \l\ = 1 which maps z' = ^[ -\- i^'^ into 
the origin I = Q. Denoting by £z'{z) the ana- 
lytic function providing us with such a mapping, 
it is immediate to verify that the real function 
fzt[z,V) = log|£^'(z)| is harmonic in the punc- 
tured set V \ {z'} , vanishes at the boundary dV 



and diverges logarithmically as —log \z — z'\ for 
z ^ z' . It follows that the Green function is given 

by 
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For our purposes, the relevant property of the 
conformal mapping I is that one can perform an 
arbitrary scale transformation z — ^ Az without 
destroying the conformal character of I. More 
precisely we can write 

f,.{z,V) = U,.{Az,Vj,) , (6) 

where Vj^ denotes the scaled domain. A direct 
consequence is that it is always possible to fix 
the area of the scaled domain Vj^ to an arbitrary 
value, say 1, without changing the Green func- 
tion. It follows that the integration of the finite 
part G{z, z') in Eq.(2) cannot depend on the size 
of the domain V but only on its shape. The log- 
arithmic growth of the squared width w^ comes 
from the UV divergent part. Combining the loga- 
rithmic divergence of G with its scaling property 
expressed in Eq.(6), we can write 
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where _L is a typical linear dimension of the do- 
main v. Inserting this expression in Eq.(2) we 
get the logarithmic law 
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where the UV cut-off has been absorbed in the 
definition of the scale Re, which is a calculable 
function of the shape of the domain. 

The physical meaning of such a behaviour is 
now clear: the dynamics of the fiux tube is de- 
scribed by a truly free field theory only at large 
distances; the cut-off e sets up the ultraviolet 
scale Re below which the free-field approximation 
breaks down. Obviously this scale cannot depend 
on the infrared scale L, then a variation of L can- 
not be balanced by a variation of e, as the scale 
invariance of Eq.(6) would require. 

For a rectangular box of size Li x L2 , which 
is the most interesting case for the lattice gauge 
models, we have 



G 



LuL: 



■i^,^') 



i^°s 


a{z- 


-z')a{z + z') 


a{z- 


- z')a{z + -z') 



(9) 



where cr{z) is the Weierstrass sigma function for 
the rectangle of sides 2Li and 2L2. Inserting this 
expression in Eq.(2) it turns out that the scale Re 
does not depend very much on the ratio L2/ Li for 
not too elongated rectangles. 

2. NUMERICAL SIMULATIONS 

Though the logarithmic growth of the squared 
width of the fiux tube is the most important and 
model-independent quantum effect predicted by 
the effective string description, it has not yet 
been observed until now because it is an in- 
frared phenomenon that can be seen only in very 
large Wilson loops, which are at the limit of the 
sizes reached by present numerical simulations on 
SU{2) and SU{3) AD gauge theories. 

It is nowadays possible to overcome this prob- 
lem in the K2 3-D gauge model by exploiting its 
duality relationship with the ordinary 3D Ising 
model. Indeed, using the one-to-one mapping 
of physical observables of the gauge system into 
the corresponding spin observables, it is possible 
to replace the ordinary Metropolis or heath-bath 
method with a much more efficient non-local clus- 
ter algorithm (in our case the Swendsen-Wang 
method). This allows us to probe the structure 
of the fiux tube with an unprecedented accuracy. 
The procedure is the following. A Wilson loop 
W{G) is realized in the spin lattice by frustrating 
all the links cutting a given surface S bounded 
by G . These frustrated links modify the vacuum 
state so that the expectation value {P)w of the 
plaquette, or better its spin counterpart, becomes 
a function of its relative position with respect to 
W{Li, L2) and is related to the expectation value 
in the ordinary vacuum by 



{P)w = {W{Li,L2)P)l{W{Li,L2)) 
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The difference between the expectation value of 
the plaquette in the vacuum modified by the pres- 
ence of W{Li, L2) and in the ordinary vacuum 
can be considered as a measure of the density of 
the fiux tube. Choosing for instance as a probe a 
plaquette P\\ parallel to the plane of the Wilson 
loop we can take 
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Other orientations of the plaquette give approx- 
imately the same distribution ^ . Assuming that 
the Wilson loop is located in the plane z = 0, 
the mean squared width of the flux tube can be 
defined as 
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Figure. 1. Squared width of the ^2 flux tube 
as a function of interquark distance. 

We performed two sets of simulations [6] . The 
first was done at /3 = 0.7516 corresponding to 
aa"^ = 0.0107(1) . We considered six different 
square Wilson loops of sides ranging from L = 
16 to _L = 40 and fitted the data to the two- 
parameter formula 
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We got b= -17.4 ±4.0 and a= 14.4 ±1.2. The 
theoretical value ath of the parameter a, fixed by 
Eq.(8) to be ath = y^ > matches nicely with this 
value, indeed we have ath = 14.8 . The second 
set of simulations was done at /3 = 0.7460 corre- 
sponding to aa"^ = 0.0189(1) with square Wilson 
loops of sides ranging from _L = 15 to _L = 60. Fits 
to Eq.(13) gave h = -5.8 ± 2.0 and a = 7.7 ± 0.6 
while the theoretical value is ath = 8.42 . 

An internal consistency check of these numeri- 
cal data comes from a comparison between Eq.(8) 



and Eq.(13). We get that the physical adimen- 
sional quantity y^Rc is expressed in terms of a 
and h as 
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TThis seems not to be the case in four dimensional sys- 
tems[3,4] 



Using the fitted values of the parameters we get 
^R^ = 0.35 ± 0.11 at /3 = 0.7516 and ^/^R^ = 
0.31 ± 0.09 at /3 = 0.7560 in good agreement with 
scaling. 

One important feature of Eq.(8) is that it can 
be written in a universal form by expressing all 
the dimensional quantities w, L and Re in units 
of ^/a. Accordingly we report in Fig.l data from 
different /3's and also very accurate recent data[5] 
for the mean squared width of fiuid interfaces in 
the dual Ising model (black dots). The straight 
line represents a logarithmic fit to our data at /3 = 
0.7460 (rhombs). Within the statistical accuracy 
these data clearly support a logarithmic widening 
of the fiux tube in a range of quark separation L 
over more than two orders of magnitude, starting 

at about y^Lmin — 1.7. 

In order to compare these results with analo- 
gous data for other gauge groups, we may, with 
an abuse of language, express ^/a in same physi- 
cal units as the QCD string . Then the crossover 
to the infrared logarithmic behaviour observed 
in Fig. 1 corresponds to Lmin — 0.75 fm while 
the maximal probed elongation corresponds to 
more than 100 fm. The data on AD SU{2) fiux 
tube[3,4] cover now a distance up to 2 fm, but 
are still affected by strong systematic errors and 
are compatible also with a constant width for dis- 
tances larger than 1 fm. 
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